I. INTRODUCTION
The information relative to the structure of the electromagnetic transition between the nucleon and a nucleon excitation R (γ * N → R), can be parametrized in terms of helicity amplitudes dependent on the photon polarization states, and the transfer momentum squared q 2 , which is restricted to the region Q 2 = −q 2 > 0 [1, 2] .
For the transitions
± , where J P represents the state of angular momentum J, parity P = ±, and 1 2 + is the nucleon state, one can define the transverse amplitudes A 1/2 , A 3/2 and the longitudinal or scalar amplitude S 1/2 (A 3/2 can be defined only for J = 3 2 ). Although those amplitudes are in principle independent functions, there are relations between them in the limit where the photon momentum |q| vanishes. This limit is called the pseudo-threshold limit, corresponding to the case where both the nucleon and the resonance R are at rest. At the pseudo-threshold limit (|q| = 0), one has Q 2 = −ω 2 , where ω = M R − M is the photon energy, and M R , M are respectively the resonance and the nucleon masses. Since the pseudo-threshold limit is defined by Q 2 = Q 2 P S < 0, with Q 2 P S = −(M R − M ) 2 , it belongs to the unphysical region, where the helicity amplitudes cannot be measured from the γ * N → R transition. The extension of models for the Q 2 < 0 region is important, however, for studies of reactions such as the ∆ Dalitz decay (∆ → e + e − N ) and Dalitz decays of other resonances [3, 4] .
At the pseudo-threshold the matrix element of the electric multipole E, defined by the spatial current density J, and the matrix element of the Coulomb multipole S 1/2 , defined by the charge density ρ, can be related by E ∝ ω |q| S 1/2 [5] . This result, obtained in the limit of the long wavelengths (|q| → 0), is usually refereed as the Siegert's theorem [5] [6] [7] [8] [9] . Although defined below Q 2 = 0, the relations between amplitudes can be used to test analytic properties of theoretical models and to test the consistency of phenomenological parametrizations.
The exact proportionality between the electric amplitude E and the scalar amplitude S 1/2 depends on the angular momentum-parity state (J P ) of the resonance. The constraints for the helicity amplitudes can in general be derived from the analysis of the transition currents, expressed in a covariant form in terms of the properties of the nucleon and the resonance, which define a minimal number of independent structure form factors [10] [11] [12] .
In Ref. [13] , the implications of the pseudo-threshold limit for the γ * N → N (1535) transition form factors and helicity amplitudes, and their implications in the parametrizations of the data are discussed in detail. In the present work we discuss the consequences of the pseudo-threshold limit for the γ * N → ∆(1232) and γ * N → N (1520) transitions.
For the γ * N → ∆(1232) transition, we will conclude that, in the pseudo-threshold limit, one has E |q| = √ 2ω
|q| 2 , where ω = M R − M , and M R is the ∆ mass. Note that the previous relation differs from the usual form E = √ 2 ω |q| S 1/2 [14, 15] , by a factor 1/|q|. This dif-ference has implications in shape of the parametrizations of the data, as we will show. [Along the paper, we will interpret the factors like S 1/2 /|q| or S 1/2 /|q| 2 , as functions defined also for |q| = 0, with the result given by the limit |q| → 0, when the limit exists.]
As for the γ * N → N (1520) transition, the pseudothreshold limit induces two constraints in the helicity amplitudes. The trivial constraint is expressed as 1 2 E = √ 2 ω |q| S 1/2 , where ω is now defined in terms of the N (1520) mass (M R ). In addition, one has also the relation A 1/2 = A 3/2 / √ 3, at the pseudo-threshold.
The explicit form of the electric and the scalar amplitudes will be defined later for cases In order to take into account the constraints from the pseudo-threshold limit, in this work we present new parametrizations of the γ * N → ∆(1232) and γ * N → N (1520) helicity amplitudes. We will conclude at the end, that, an overall description of the data for low Q 2 and large Q 2 , including the pseudo-threshold, is possible using smooth representations of the helicity amplitudes. The presented parametrizations are compared with the MAID2007 parametrizations [14] [15] [16] . Parametrizations for very large Q 2 , that simulate the expected falloff from perturbative QCD (pQCD), will be proposed.
This article is organized as follows: In Sec. II, we discuss the formalism associated with the electromagnetic transition current, helicity amplitudes and transition form factors. In Secs. III and IV, we study the γ * N → ∆(1232) and γ * N → N (1520) transitions, respectively. Parametrizations of the data appropriate for very large Q 2 are discussed In Sec. V. Finally in Sec. VI, we present our summary and conclusions.
II. GENERALITIES
We introduce now the formalism associated with the γ * N → R transition, where N is the nucleon (
and R is a J P = We start with the discussion of the relation between the electromagnetic transition current and the helicity amplitudes. Next, we look for the properties of the amplitude S 1/2 . Before discussing in detail the transitions γ * N → ∆(1232) and γ * N → N (1520), we present some useful notation.
A. Electromagnetic current and helicity amplitudes
In general, the γ * N → R transitions can be characterized in terms of transition form factors, to be defined later, or by the helicity amplitudes defined at the resonance rest frame. At the R rest frame, the initial (P − ) and final (P + ) momenta can be represented, choosing the photon momentum, q = P + − P − , along the z-axis, as P − = (E N , 0, 0, −|q|), P + = (M R , 0, 0, 0) q = (ω, 0, 0, |q|).
(2.1)
In the previous equations, |q| is the magnitude of the photon (and nucleon) three-momentum, given by 
2MR
and ω =
respectively. The transverse (A 1/2 , A 3/2 ) and the longitudinal (S 1/2 ) amplitudes, are defined at the R rest frame [2, 17] , as
3)
where S ′ z (S z ) is the final (initial) spin projection, Q = Q 2 , ε µ λ (λ = 0, ±1) are the photon polarization vectors, and J µ is the electromagnetic transition current operator in units of the elementary charge e. In addition, α = e 2 4π ≃ 1/137 is the fine-structure constant and
The properties associated with the structure of the resonance R are then encoded in the electromagnetic transition current operator J µ . In the case of a transition between a spin 1 2 state (N ) and a spin 3 2 state (R) we can project the current into the asymptotic states using
where u α and u are respectively the Rarita-Schwinger and the Dirac spinors, P = 1 2 (P + + P − ), and Γ αµ is an operator dependent of the parity, to be defined in the following sections for the case of the ∆(1232) (positive parity) and the N (1520) (negative parity).
B. Scalar amplitude
In the case of the current conservation, one can replace
0 , in the definition of the scalar amplitude (2.5), and write
where the brackets represent the projection into the spin states with S ′ z = S z = + 1 2 , defined at the resonance rest frame. If the current is not conserved, or the current operator is truncated, we cannot use Eq. (2.7), as discussed in Refs. [5, 18] .
Using Eq. (2.7), we can conclude that the scalar amplitude, near the pseudo-threshold, can be expressed for
± cases, as
where G ± 5 is a form factor (dependent on the parity ±), to be defined later, and 1 1 P is a parity-dependent operator, given by 1 1 + = γ 5 and 1 1 − = 1 1.
Using the properties of Dirac and Rarita-Schwinger spinors, we can conclude that (ū 3 γ 5 u) = 2 3 |q| 2M ∝ |q| and (ū 3 u) = − 2 3 = O(1), near the pseudo-threshold [19, 20] . Applying those results, one obtains S 1/2 = O(|q| 2 ) for ∆(1232) resonance and S 1/2 = O(|q|) for N (1520) resonance.
Note that, the result J 0 ∝ G ± 5 |q| n , with n = 2 for positive parity, and n = 1, for negative parity, leads to J 0 → 0, in the pseudo-threshold limit, if the form factor G ± 5 has no singularities in this limit, as expected [11] . The result J 0 = 0 is equivalent to the orthogonality between the nucleon and the resonance states. The same property can be observed in the γ
It is interesting to note that, the dependence of a function F (Q 2 ), near the pseudo-threshold, can be inferred directly from the graph of the function in terms of Q 2 . Since the derivative in Q 2 , can be determined by the derivative in |q|, given by 9) we conclude that, at the pseudo-threshold (limit |q| → 0), the derivative dF dQ 2 will be infinite (vertical line), when F = O(|q|), and finite, only when F = O(|q| n ) with n ≥ 2 (we are interested only in the natural powers n). To summarize: the graphs with an infinite derivative at the pseudo-threshold are the representation of functions O(|q|); the graphs with finite derivative at the pseudothreshold represent functions O(|q| n ) with n ≥ 2.
C. Notation
In the following sections, we will study separately the resonances ∆(1232) and N (1520). To convert helicity amplitudes into form factors, we use the factor [2, 17, 21] 
The factor F + will be used for the case 3 2 + , and the factor F − will be used for the case 3 2 − . For convenience we also
(MR+M) 2 . In the next two sections, we will also define the magnetic, electric and scalar amplitudes: M l± , E l± and S l± , where l = J ∓ 1/2 is an integer and P = ± is the parity, for the case J = 3/2. For a more detailed discussion about the multipole amplitude notation see Refs. [11, 15] .
The γ * N → ∆(1232) transition current can be determined using Eq. (2.6), with the operator [2, 11, 12, 19] Γ αµ (P, q) =
where G i (i = 1, .., 4) are structure form factors dependent on Q 2 . The four form factors are not all independent, only three of them are independent. Using the current conservation condition, q · J = 0, we can conclude that [19, 20] 
Instead of the elementary form factors G i , alternatively we can use the multipole form factors: magnetic dipole (G M ), electric quadrupole (G E ) and Coulomb quadrupole (G C ), defined as [12, 19, 20] 
where Z R = 2M 3(MR+M) and
is a new auxiliary form factor. For convenience Eqs. (3.3)-(3.5) are expanded in powers of |q|. For the sake of the discussion, we consider G 1 , G 2 and G 3 , as our base for the form factors, following Jones and Scadron [12] , but we use also G 4 and G 5 , when necessary. For the multipole form factors we choose the Jones and Scadron representation. To convert to the alternative Ash representation, the functions G M , G E and G C should be divided by the factor √ 1 + τ [15] . The helicity amplitudes (2.3)-(2.5) can be obtained from the form factors [2, 15] , using
where F + is defined by Eq. (2.10).
The multipole amplitudes M 1+ , E 1+ , S 1+ , can be defined directly in terms of the multipole form factors, or as a combination of the amplitudes [11, 15] ,
The multipole amplitudes have the same dimensions as the helicity amplitudes. In this work we define the multipole amplitudes with the sign of the form factors. Other authors use different conventions of sign for the multipole amplitudes [11, 15] .
A. Pseudo-threshold limit
Now we consider the pseudo-threshold limit. Since the form factors G i (i = 1, 2, 3), are defined with no kinematic singularity, we can conclude from Eqs. (3.4)-(3.5) that [12] 
when |q| → 0. A simple consequence of this result [12] , is
To express the relation (3.14) in terms of helicity amplitudes, we use the relations (3.11)-(3.12) and F + = 
In the previous relation we recall that
A 3/2 . Note in Eq. (3.15) , that the common factor, 1/|q|, cannot be eliminated, unless we can prove that E 1+ ∝ |q| n and S 1/2 ∝ |q| (n+1) , with n ≥ 2, near the pseudo-threshold.
The relation (3.15) is consistent with 16) near the pseudo-threshold. The previous forms were adopted by the MAID2007 parametrization [16] . As for the amplitude M 1+ , the MAID2007 parametrization gives M 1+ = O(|q|), near the pseudo-threshold [which is equivalent to G M = O (1)]. The behavior of the multipole amplitudes near the pseudo-threshold is consistent with the results expected when the form factors G i are free of kinematic singularities at the pseudo-threshold [10, 11] .
To satisfy the condition (3.15), it is necessary that both sides of the equation give the same numerical value. It is at that point that the MAID2007 parametrization fails, as we will show next.
To summarize: we conclude that the correlation between the form factors at the pseudo-threshold given by Eq. (3.14), usually refereed as the Siegert's theorem, is not equivalent to the condition E 1+ = λ R S 1/2 |q| . The equivalent condition is the one expressed by Eq. (3.15) .
The results of the MAID2007 parametrization for the form factors G E and κG C , where κ = MR−M 2MR , are presented in the top panel of Fig. 1 , in comparison with the data from Ref. [22] . The database from Ref. [22] includes data for finite Q 2 from Refs. [23] [24] [25] , and the world data average of G E at Q 2 = 0, extracted from the particle data group (PDG) result for G E /G M at Q 2 = 0 [26] . From the top panel of Fig. 1 , we can conclude, that, although the MAID2007 describes well the data for G E and G C , it fails to describe the relation (3.14). In the graph it is clear that κG C (Q 2 P S ) > G E (Q 2 P S ). We discuss now alternative parametrizations of the form factors G E and G C , that are consistent with the Siegert's theorem expressed in the form (3.14).
B. Improved parametrizations of GE and GC
A parametrization consistent with Eq. (3.14), inspired in the MAID2007 form is
where
is a dipole form factor, and 
. At the top: MAID2007 parametrization. At the bottom: improved parametrization MAID-SG, consistent with the Siegert's theorem. Data from Ref. [22] (see description in the test). discussed previously. The first difference is that we omitted the factor √ 1 + τ , in Eqs. (3.17)- (3.18) . This factor appears in the MAID2007 parametrization because the form factors were defined originally in the Ash representation, and not in the Jones and Scadron representation (conversion factor) [12] . The second difference is the suppression of a factor 1/(1 + d Q 2 /(4M 2 )), where d is a new parameter, used in the MAID2007 parametrization of the function G C . This factor was added to the MAID2007 parametrization in an attempt to improve the quality of the fit near Q 2 = 0 [9, 15] . We choose not to include that factor to avoid possible singularities in the timelike region, and also because the inclusion of higher powers in Q 2 , as the terms associated with the coefficients c 2 and c 3 , may be sufficient to simulate the effect of an extra monopole factor in Q 2 (in MAID2007: c 2 = c 3 = 0). Apart from the two differences discussed above, the relevant difference between the present forms and the MAID2007 parametrization is that the coefficient c 0 is fixed by Eq. (3.14), once defined the remaining coefficients. We label the improved parametrization given by Eqs. (3.17)-(3.18), as the MAID-SG parametrization, since the new parametrization is consistent with the Siegert's theorem (SG holds for Siegert). . In the MAID-SG parametrization the value of c0 (at bold) is determined by Eq. (3.14). In the MAID2007 parametrization, the coefficients r0 are corrected by the functions Z1 = √ 1 + τ and
The coefficients defined by the best fit of the functions (3.17)-(3.18) to the Q 2 ≤ 2 GeV 2 data, are presented in the Table I . The coefficients associated with the MAID2007 parametrization are also included in the table. Note, however, that only the coefficients r 0 can be directly compared, since different combinations of polynomials and exponentials may lead to similar functions.
The results for the MAID-SG parametrization for the form factors G E and G C are presented in the lower panel of Fig. 1 . At this point we restrict the calculations to the region Q 2 ≤ 2 GeV 2 , since the main goal at the moment is the study of parametrizations consistent with the Siegert's theorem, near Q 2 = Q 2 P S ≃ −0.09 GeV 2 . For larger Q 2 there are discrepancies between the data from different groups [20, 25] , which are not relevant for the discussion near the pseudo-threshold. In Fig. 1 , one can see that the MAID-SG parametrization is consistent with the data from Ref. [22] and with the Siegert's theorem. Note that, compared to the MAID2007 parametrization, the MAID-SG parametrization, gives smaller values for G C near the pseudo-threshold.
In order to check in more detail the implications of Eq. (3.14), instead of looking for the form factors, we compare the MAID-SG parametrization with the data for
To calculate G M we use the MAID2007 parametrization, since it gives a very good description of the data and it is unconstrained at the pseudo-threshold. The results for the ratios R EM and R SM are presented in Fig. 2 . In addition to the previous data, we present also the MAID data [15] . In the figure, one note the different behavior between the MAID2007 parametrization and the MAID-SG parametrization. Part of this difference is a consequence of the discrepancy between the MAID data and the data used in our fit [22] . We note, however, that, even the MAID2007 parametrization has problems in describing the MAID data for R SM below 1 GeV 2 .
compared with the MAID-SG (solid line) and MAID2007 (dashed line) parametrizations. The data is from the MAID analysis (diamonds) [15] and from the Ref. [22] (circles).
From Figs. 1 and 2, we can conclude, that, the MAID-SG parametrization gives a very good description of the low Q 2 data (Q 2 < 1 GeV 2 ) for G E and G C . Both functions are smooth near the pseudo-threshold. Looking in more detail in Fig. 2 , we see that the MAID-SG parametrization starts to fail when Q 2 > 1 GeV 2 for R SM . As for R EM , one can see that the function starts to decrease in magnitude for Q 2 > 2 GeV 2 . One can also note, that the data for R EM is well approximated by a constant (similar to MAID2007). The failure of the parametrization for larger values of Q 2 , is in part a consequence of the inclusion of exponential functions in the parametrization of the form factors.
The disadvantage of the use of parametrizations based on exponential factors is that those parametrizations are not valid, in general, for large interval in Q 2 , or fail when Q 2 increases. Latter on, in Sec. V, we discuss the possibility of extending the parametrization of the data for large Q 2 .
We checked, however, if we can improve the description of the large Q 2 region (Q 2 > 2 GeV 2 ), by enlarging the range of the data used in the fit to Q 2 = 3 GeV 2 , or Q 2 = 4.1 GeV 2 . Overall, we can improve the description of the data for Q 2 > 1 GeV 2 , but the description for the low Q 2 region losses quality. In particular the result for
is overestimated (R EM is underestimated), compared to the PDG result [G E (0) = 0.076 ± 0.015 and R EM (0) = −(2.5±0.5)%] [26] . Note that, when we extend the range of the fit for larger values of Q 2 , up to 3 GeV 2 or 4.1 GeV 2 , we reduce the impact of the low Q 2 region in our fit, which leads to a poor estimate of the form factors near the pseudo-threshold. We may then conclude, that, with the parametrizations (3.17)-(3.18), we can not describe well the low and the large Q 2 regions simultaneously. For this reason we restrict, for now, our analysis to the low Q 2 region. It is worth to mention, that, the fit based on Eqs. (3.17)-(3.18), is very sensitive to the low Q 2 data, in particular to the result at the photon point from PDG [26] . If the datapoint from PDG is replaced by another datapoint, or the errorbar is reduced in the fit, the results for the form factors may change significantly. We note in particular that, in some experiments like in Ref. [27] , the value of R EM is larger in absolute value,
The Siegert's theorem was already investigated in the context of the γ * N → ∆(1232) transition, within the quark model framework [5, 18, [28] [29] [30] . It was found that the Siegert's theorem can be violated when the operators associated with the current density or the charge density are truncated, or expanded in different orders, inducing a violation of the current conservation condition [5, 18, 28] . From those studies, one can conclude that a consistent calculation, where the current is conserved, requires the inclusion of processes beyond the impulse approximation at the quark level (one-body currents), and that, the inclusion of higher order processes involving two-body currents, such as processes with quark-antiquark states and/or meson cloud contributions, is necessary to ensure the conservation of the transition current and the Siegert's theorem [5] . Since the Siegert's theorem is defined at the pseudo-threshold, when Q 2 ≃ −0.09 GeV 2 , one may then conclude, that, processes beyond the impulse approximation are fundamental to describe the helicity amplitudes and the transition form factors at low Q 2 . The last conclusion is particularly important for the γ * N → ∆(1232) transition, since there are strong evidences of importance of the meson cloud effects for all form factors at small Q 2 [1, 2, [19] [20] [21] 31] . For the magnetic dipole form factor, G M , it is known that the meson cloud effects are small for , 19, 20] . As for the quadrupole form factors G E and G C , there are indications that the meson cloud contributions may be important up to 4 GeV 2 [20, 32] . The meson cloud contributions for the quadrupole form factors will be discussed in detail in Sec. V C.
It is important to mention that, the distinction between the valence quark degrees of freedom and the nonvalence quark degrees of freedom is only well defined in a given framework. Therefore, valence quark contributions in a given model may appear as non-valence quark contributions in another model. One can nevertheless conclude that, independent of the model, the meson cloud contributions help in general to approach the estimates from quark models to the experimental data.
The current associated with the γ * N → N (1520) transition is determined using Eq. (2.6), with the operator [2, 11, 17] 
where G i (i = 1, .., 4) are structure form factors dependent on Q 2 . As in the case of the γ * N → ∆(1232), the four form factors are not all independent. In this case the current conservation implies that [17] 
The multipole form factors can be represented [2, 17] , as
Once again, the form factors are decomposed in powers of |q|.
The helicity amplitudes can be determined [2, 17] by
Similar to the ∆(1232) case we also can define the am-
A. Pseudo-threshold limit From Eqs. (4.3)-(4.5), we can conclude that, at the pseudo-threshold [11, 33] G M = 0, (4.13)
In particular, Eq. (4.14) is a consequence of the result
when |q| → 0, since the form factors G i (i = 1, 2, 3) have no kinematic singularities at the pseudo-threshold [11] . A consequence of Eq. (4.14) is, that, at the pseudothreshold 16) where, as before λ R = √ 2(M R − M ). As for the result from Eq. (4.13), it implies that 
The relation for M 2− can be derived directly from Eq. (4.3) when G 1 = O(1). The dependences of M 2− and E 2− are consistent with the expected result for the transverse amplitudes A 1/2 , A 3/2 = O(1) [10] . Since the available data for the γ * N → N (1520) transition at finite Q 2 is restricted to the reactions with proton target we will restrict our analysis to that case.
The results of the MAID2007 parametrization for the amplitudes A 1/2 , A 3/2 and S 1/2 are presented in Fig. 3 . At the top, we test the relation (4.16), multiplied by the factor |q|. If the relation is satisfied, the solid line (S 1/2 ) and the long-dashed line (|q|E 2− /(2λ R )) should converge to zero, both, at the pseudo-threshold, when
In the same graph we also represent M 2− , that should also vanish at the pseudo-threshold, according to Eq. (4.13). At the bottom, we compare A 1/2 with A 3/2 / √ 3, in order to test how broken is the relation (4.17), as a consequence of the violation of the condition M 2− = 0, at the pseudo-threshold.
The results from Fig. 3 show that the relations (4.16) and (4.17), which are consequence of the pseudothreshold limit (Siegert's theorem), are broken by the MAID2007 parametrization. The failure of the MAID2007 parametrization is then the consequence of the dependences of M 2− , E 2− , S 1/2 = O(1), near the pseudo-threshold. Those dependences are in conflict with the expected dependence of the multipole amplitudes, expressed in Eqs. (4.18 
and r3 is in units GeV −6 . The values in bold are determined by Eqs. (4.16) and (4.17). In the MAID2007 parametrization, a0, b0 are corrected by the function Z = √ 1 + τ , and c0 by the function X = K/|q|.
B. Improved parametrizations of GM , GE and GC
To obtain parametrizations of the G M , G E and G C data, that include the constraints at the pseudothreshold, we consider the following representations of the helicity amplitudes
2 , (4.19)
2 , (4.20)
where D = K/ Q 2 + , which can also be written in
In the expressions (4.19)-(4.21), the coefficients (a 0 , a 1 , a 2 , a 3 , a 4 ), (b 1 , b 2 , b 3 , b 4 ) and (c 1 , c 2 , c 3 , c 4 ) are adjustable parameters and b 0 , c 0 are determined from the constraints at the pseudo-threshold, once the values of the remaining coefficients are fixed. Since, at the pseudo-threshold, we can write E 2− = −4A 1/2 , using Eq. (4.17), we can conclude, that both b 0 and c 0 can be expressed in terms of
In Eqs. (4.19)-(4.20), the factor 1/ Q 2 + , is included in D for convenience, in order to generate simpler analytic expressions for the form factors G M , G E and G C , after the multiplication by the factor F − , defined by Eq. (2.10). The conversion into the form factors can be done using Eqs. (4.10)-(4.12). Alternatively we can use parametrizations for the form factors. However, in the present case, the inclusion of the constraints at the pseudo-threshold [25, 35, 36] and Refs. [37, 38] Apart from the data for Q 2 = 0, there are two main datasets available: the data measured at CLAS/Jlab [25, 35, 36] , and the data from the MAID analysis [15, 16] . Since there are discrepancies between the results from Jlab and MAID [16, 17] , we study the two datasets separately.
There are no data for the region Q 2 < 0.28 GeV 2 , except for the measurements at the photon point (Q 2 = 0). As a consequence, the fits to the data, and the extrapolation to the pseudo-threshold depend crucially of the data used at Q 2 = 0. Since the average presented by the PDG is affected by a large errorbar, which will leave the region near Q 2 = 0 weakly constrained, we take into account only the most recent measurements selected by PDG, presented in Refs. [37, 38] .
In the following, we look for possible parametrizations of the data from Jlab and MAID. We analyze first the data from Jlab, defining the Jlab-SG parametrization. Next, we consider the MAID data, deriving the MAID-SG parametrization. At the end we compare the results from the two parametrizations near the pseudothreshold.
Jlab data
We started the fitting process using the Jlab data, combined with the Q 2 = 0 data from Refs. [37, 38] , as discussed above. The parameters associated with the Eqs. 2 ), and that G E = 2κG C , at the pseudo-threshold, consistent with the relation (4.14).
In Figs. 4 and 5, we tested directly the constraints of our fit. We can now observe the consequences of the constraints for the remaining functions. In Fig. 6 , we show the result of the parametrization for the magnetic form factor G M . In the graph we can confirm that G M = 0, at the pseudo-threshold, which is the consequence of the relation Eq. (4.17), tested in Fig. 4 .
Finally, in Fig. 7 , we show the results for the amplitude S 1/2 . Although the information included in S 1/2 is almost the same as the one included in the form factor G C , since G C ∝ (F − /|q|)S 1/2 , it is interesting to see the behavior near Q 2 = 0, and the convergence to zero at the pseudo-threshold.
Overall, the Jlab-SG parametrization gives a very good description of the Jlab data, both at low and large Q 2 . In addition, the Jlab-SG parametrization also provides regular extensions for the region Q 2 < 0, including the pseudo-threshold limit.
MAID data
We now look for the results from the MAID analysis [15, 16] . We checked if the data can be described by Eqs. (4.19)-(4.21) . The results obtained for the coefficients of the fit are presented in the The results of the MAID-SG parametrization for the helicity amplitudes are presented in Fig. 8 and the corresponding results for the form factors are presented in Fig. 9 .
Contrary to to the case of the Jlab data, it is not possible in this case to obtain a high quality fit, based on the form (4.19)-(4.21). There are two main reasons for that. One of the reasons is that the data in the interval Q 2 = 1.4-1.8 GeV 2 , in the transition between the two MAID datasets [15, 16] , shows fluctuations that are not compatible with the simple third order polynomial form, assumed in the present parametrization. The second reason is that the MAID data for Q 2 > 1.5 GeV 2 [16] , have very small errorbars, which impose a strong constrain in the large Q 2 region (dominance of the large Q 2 data in the fit).
We conclude however, that, a high quality fit can be obtained in the region Q 2 < 1.5 GeV 2 [15] . In this case, the extrapolation for higher Q 2 generates very large con- tributions for the form factors, that are also incompatible with the MAID data for the region Q 2 > 1.5 GeV 2 [16] . As in the case of γ * N → ∆ quadrupole form factors, it is not possible to derive a parametrization appropriated simultaneously for small and large Q 2 , based on functions with exponential factors. Alternative parametrizations will be discussed in Sec. V.
In Figs. 8 and 9 , we can observe that the MAID-SG parametrization describes very well the A 1/2 and the G M data. As for the amplitudes A 3/2 and S 1/2 , one can observe some fluctuations of the data in the region Q 2 = 1.4-1.8 GeV 2 . As already discussed, those fluctuations are the reason why it is not possible to obtain a very accurate description of the MAID data. The result obtained for the amplitude S 1/2 differs significantly from the MAID2007 parametrization. The poor description of the MAID data given by the MAID-SG parametrization is a consequence of trying to describe the data and be consistent with the Siegert's theorem, at the same time. The fluctuations of the data in region Q 2 = 1.4-1.8 GeV 2 , and the deviation from the fit can also be seen in the graphs for the form factors G E and G C . In any case, if we look for the helicity amplitudes, or for the form factors, the MAID-SG parametrization describes well the large Q 2 region. In the Figs. 8 and 9 , we also include the results of the parametrization Jlab-SG. We avoid to include the Jlab data for a question of legibility, but, we recall that the Jlab-SG parametrization follows closely the Jlab data. From the comparison between the MAID-SG and Jlab-SG parametrizations, we can conclude, that, the two parametrizations, although very different for Q 2 > 1 GeV 2 , have a very similar behavior near the pseudothreshold.
Discussion
From the analysis of the Jlab and MAID data, we already noticed, that both parametrizations lead to very similar extensions for the Q 2 < 0 region. We may be tempted to conclude, that, the closeness between the two parametrizations for small Q 2 is essentially the consequence of the data considered at the photon point. This conclusion is however incorrect. The inclusion of the more recent CLAS data, with three datapoints in the region Q 2 = 0.65-1.30 GeV 2 [36] , has a significant impact in the Jlab-SG fit. When we include the corresponding data in the fit, the values of the amplitudes A 1/2 and A 3/2 increase by 15%, at the pseudo-threshold, and the amplitude S 1/2 decreases at Q 2 = 0 by 13%. In both cases, the amplitudes are modified below the region Q 2 < 0.3 GeV 2 (the threshold of the data for finite Q 2 ). We then conclude that, the behavior near the pseudothreshold, is not only the consequence of the low Q 2 data, but that the fit is also constrained by data up to 1 GeV 2 . For this reason, it is remarkable that the Jlab-SG and the MAID-SG parametrizations are so close near the pseudothreshold.
As discussed in Sec. II B, some of the properties near the pseudo-threshold of the amplitudes and form factors can be observed directly in the graphs. In Fig. 8 , one can see in the graph for the amplitude S 1/2 , the convergence at the pseudo-threshold, S 1/2 → 0, with an infinite derivative (consequence of S 1/2 ∝ |q|). Also in Fig. 9 , we can note, in the graph for G M , that, the derivative of G M near the pseudo-threshold is finite, as we could anticipate from G M = O(|q| 2 ). To finalize the discussion of the γ * N → N (1520) transition, it is interesting to discuss the results for the ampli-tude A 3/2 in the context of a quark model framework. In Fig. 8 , one can see that the amplitude A 3/2 is very large near Q 2 = 0, compared to the amplitude A 1/2 . It is however known that estimates of the meson cloud effects predict in general large contributions for the amplitude A 3/2 near Q 2 = 0, and that the valence quark contributions are only about 1/3 of the total [17, [39] [40] [41] [42] [43] . Since A 3/2 (0) and the extrapolation of the function A 3/2 for the pseudo-threshold limit, differs significantly, we may conclude that, as for the case of the γ * N → ∆(1232) transition, discussed in Sec. III B, the amplitude A 3/2 is also dominated by processes beyond the impulse approximation. The stronger candidate for those contributions are the meson cloud contributions, as discussed in Ref. [17] .
In contrast with the previous discussion are results of the constituent quark model with two-body exchange currents from Ref. [44] . In this model the valence quark contribution is dominant near Q 2 = 0 and the non valence quark degrees of freedom contribute to less than 20%.
V. EXTENSION OF THE MAID-TYPE PARAMETRIZATIONS FOR LARGE Q 2
We now discuss alternative parametrizations to the usual MAID parametrizations, which are based on the combination of polynomial and exponential functions of Q 2 (MAID-type parametrizations). As already discussed, an important disadvantage of the parametrizations based on exponential factors, e −βQ 2 , where β represents the coefficient associated with any form factor, it is that the exponential factor cuts the form factors above a certain value of Q 2 . Depending on the value of β, the parametrizations of the form factors can fall slower or faster, but decrease after a certain value of Q 2 . The polynomial factor can change the threshold of the falloff with Q 2 , but at some point the exponential factor dominates. A simple example of the exponential falloff effect is shown in Fig. 2 , for the function R SM when Q 2 > 1.5 GeV 2 . Since in that case, the value of β for G C is larger than the value for G E (β = 3.33 GeV to be compared with β = 1.31 GeV −2 ), it is expected that R SM falls to zero faster than R EM , as we can see in the Q 2 > 1.5 GeV 2 region. [We also need to take into account the falloff of G M . The magnetic form factor G M , is however regulated by a very small value, β ≃ 0.2 GeV −2 , according with the MAID2007 parametrization].
Another disadvantage of the use the MAID-type parametrizations is the extension of the large Q 2 region, where the MAID parametrizations cannot be compared with the expected leading order power laws of pQCD (apart from logarithmic corrections) [45] .
We then propose new parametrizations for the amplitudes and form factors, that differs from the MAID form, and corrects the high Q 2 behavior of the MAID parametrizations. As example, we will use the γ * N → ∆(1232) transition, since it is the transition with more accurate data at large Q 2 , and can therefore be tested with more precision. The methods proposed can, however, be generalized for other transitions.
We divide our analysis into the magnetic form factor G M (or amplitude M 1+ ) and into the quadrupole form factors G E and G C .
A. Magnetic form factor (GM )
In the γ * N → ∆(1232) transition, we can represent the magnetic form factor G M in terms of the magnetic amplitude M 1+ , using G M = F + M 1+ , according with Eq. (3.10) , where
In the original MAID2007 parametrization, M 1+ is represented by
2 . We now propose the form
The parametrization (5.2) has two main advantages compared to the original form. The first advantage is the inclusion of the factor Q 2 − , which it will be canceled by the factor F + ∝ 1/ Q 2 − , in the conversion from amplitudes to form factors. Since the factor Q 2 − is eliminated in the conversion to the form factors, we obtain simpler expressions for the form factors. The second advantage is the parametrization of the very large Q 2 region in a form more compatible with the power laws of pQCD [45] , it is necessary thatM 0 behaves as a constant, meaning thatM 0 = O(1), for very large Q 2 . Since the functionM 0 includes an exponential factor, it is obvious that we cannot haveM 0 = O(1). We can correct this limitation replacingM 0 by an analytic expression that is close to the MAID form in the range of validity of the parametrization, Q 2 = 0-10 GeV 2 , but behaves like a constant for much higher Q 2 . This goal can be achieved with the replacement
where n ≥ 1 is an integer. In the last line, we expanded the factor (1 + a 1 Q 2 ), using the exponential series, and truncated the exponential factor in the denominator, in the same order. Using the replacement (5.3), we obtain a simple rational function that converges to a constant for very large Q 2 . The dependence M ′ 1+ ∝ 1/Q 3 for very large Q 2 is then naturally generated. Note that, the truncation of the exponential series in the denominator is particularly convenient, as far as it does not induce any singularity in the region Q 2 < 0. This can be assured if we restrict the expansion to even powers of n, as discussed in Appendix in detail.
The results of the MAID2007 parametrization for M 1+ are presented in Fig. 10 . In addition to the MAID2007 parametrization defined by Eq. (5.1), where a 4 = 0.23 GeV −2 , we consider a modification of the MAID2007 parametrization given by Eq. (5.2), with the replacement a 4 → 0.15 GeV −2 . We label this new parametrization as MAID-SG1M (M stands for magnetic amplitude). In the upper panel of Fig. 10 , one can see, that, the new parametrization also gives a very good description of the data. We can then conclude that, Eqs. (5.1) and (5.2) provide equivalent parametrizations of the data, in the region Q 2 = 0-10 GeV 2 . Finally, in order to check if a consistent description of the data is possible replacing the factorM 0 by a rational expression, as suggested by Eq. (5.3) , we consider the modification of the MAID-SG1M parametrization by the expansion with n = 6. We label the new parametrization as MAID-SG2M. In the upper and lower panels of Fig. 10 , one can see the comparison between MAID-SG1M and MAID-SG2M. In the upper panel, in the range Q 2 < 10 GeV 2 , the two models are almost not distinguishable. In the lower panel, when the scale of Q 2 is extended up to 50 GeV 2 , one can see that MAID-SG1M falls off faster than MAID-SG2M, as expected from the comparison between a rational and an exponential function. In the same graph, one can observe the linear behavior of the MAID2007 and MAID-SG1M parametrizations for Q 2 > 20 GeV 2 , due to the logarithmic scale used for M 1+ . The graph also shows that, the difference between a parametrization based on powers of Q 2 (rational functions) and exponential functions, can in some cases, be disentangled only for very large Q 2 . The parametrizations based on rational functions are efficient for moderate values of the argument a 4 Q 2 , because the denominator in Eq. (5.3) converges smoothly, and faster than the expansion based on exponential series with negative arguments (e −a4Q
2 ). In the overall, we conclude, that the magnetic amplitude M 1+ can be conveniently parametrized by the form (5.2), which behaves for large Q 2 as M 1+ ∝M 0 /Q 3 . Combining this result with the rational parametrization given by Eq. (5.3), one obtains at the end a parametrization consistent with M 1+ ∝ 1/Q 3 and G M ∝ 1/Q 4 . The procedure used for the parametrization M 1+ (M ′ 1+ ) can be used for the amplitudes E 1+ (electric) and S 1+ (scalar). The behavior of the amplitudes A 1/2 , A 3/2 and S 1/2 for large Q 2 can also be estimated and/or extracted from the data. A note of caution about the results for very large Q 2 is in order. Since it is expected from pQCD arguments that M 1+ ≃ −E 1+ for very large Q 2 [12, 45] , a consistent parametrization of the data requires the correlation between the coefficients of both parametrizations. Since there are no experimental evidences of the scaling M 1+ ≃ −E 1+ , we cannot, at the moment, do more than estimate the expected shape of E 1+ for very large Q 2 based on the knowledge of M 1+ in the range Q 2 ≈ 10 GeV 2 . Nevertheless, we can test if the quality of the fit for the form factors G E and G C , at low Q 2 , namely when Q 2 < 1 GeV 2 , can be extended for 2 , since the reaming factors are constant. As before r l = b l , c l (l = 1, 2, 3, 4).
The simplest extension, inspired by Eq. (5.3), is given by the replacement
for G E , and
for G C . Using Eqs. (5.4)-(5.5) we obtain the expected pQCD falloff: G E ∝ 1/Q 4 and G C ∝ 1/Q 6 for very large Q 2 [45] . We label this new parametrization for the quadrupole form factors as the MAID-SG1 parametrization.
Note that in the MAID-SG1 parametrization, we still include the dipole form factor G D , where the cutoff Λ 2 = 0.71 GeV 2 , is extracted from the studies of the nucleon form factors. Since there is no particular reason to expect that the scale of the form factors G E and G C is related to the scale of the nucleon form factors, we eliminate the factor G D from the parametrizations for the quadrupole form factors, and transpose the 1/Q 4 falloff to the remaining rational factors. A simple extension of the MAID-SG1 parametrization that excludes G D is
for G E , and generates positive functions, (higher power Q 2n with even n), as shown in Appendix A 1. As for the parametrizations for G E given by Eqs. (5.4) and (5.6), one needs to be more careful, since there is the possibility of singularities for larger values of b 4 , as discussed in Appendix A 2. We can however show that, the values of b 4 obtained in our fits, are consistent with parametrizations free of singularities (see the details of the discussion in Appendix A 2). In alternative to Eqs. (5.4) and (5.6), we can also define parametrizations of the functions G E automatically singularity-free, if we remove or add a parameter to the expressions (5.4) and (5.6). This alternative is discussed in Appendix A 3.
As in Sec. III B, we tested if the MAID-SG1 and MAID-SG2 parametrizations, can give a good description of the data. Compared to Sec. III B, we increased the range of the data included in the fit from 2 GeV 2 to 4.1 GeV 2 . As already discussed, there are discrepancies between the different analysis for large Q 2 . For this reason we avoid the use of Q 2 > 4.1 GeV 2 data. In Sec. III B, we conclude, that, one should not expect a good global description of the data simultaneously for small and large Q 2 , based on a MAID-type parametrization. To test the quality of the new parametrizations, MAID-SG1 and MAID-SG2, we extend first the previous MAID-SG parametrization to the range Q 2 = 0-4.1 GeV 2 . We label this new parametrization as MAID-SG0. The coefficients obtained in the refit are presented in the Table III , under the label MAID-SG0. It is interesting to note in the table that the best fit is obtained when
The results for the ratios R EM and R SM for the three parametrizations are presented in Fig. 11. In the figure one can see that the description of the MAID-SG parametrization, that is good only up to 1.5 GeV 2 , as shown in Fig. 2 , it is improved up to about 3 GeV 2 , with the MAID-SG0 parametrization. At the same time, one can confirm, from the graph for R EM , that, a MAID-type parametrization (MAID-SG0), overestimates the value for
We now look for the results obtained with the MAID-SG1 and MAID-SG2 parametrizations. The values of the coefficients determined by the best fit to the data, are also presented in the Table III. In Fig. 11 , one can see, that, the MAID-SG1 and MAID-SG2 parametrizations give a very good description of the data, including the region Q 2 > 2 GeV 2 . Qualitatively, the MAID-SG2 parametrization gives a better description of the G E , G C data (smaller chi-squared for G E and G C subsets, and smaller total chi-squared). The largest difference between the parametrizations MAID-SG1 and MAID-SG2 occurs for R EM near the pseudo-threshold. The values of R EM (0), for both parametrizations, are very similar, but the results at the pseudo-threshold are very different. One has R EM (Q 2 P S ) ≃ −5.34% for MAID-SG0, R EM (Q 2 P S ) ≃ −7.60% for MAID-SG1 and R EM (Q 2 P S ) ≃ −2.54% for MAID-SG2. The difference between the MAID-SG1 and MAID-SG2 parametrizations can be better observed in Fig. 12 , where we present the results for G E and G C , where G C is corrected by κ = MR−M 2MR . In this representation the difference between the two parametrizations becomes clear. the difference between the two parametrizations.
[The graph for MAID-SG0 is similar to the graph for MAID-SG1]. One can now see that, the MAID-SG2 parametrization gives a smother description of the data, with smaller values for G E and G C , near the pseudothreshold. In contrast the MAID-SG1 parametrization shows a stronger variation of the form factors near the pseudo-threshold, that leads to a larger magnitude of R EM (Q 2 P S ), and a larger difference to R EM (0). Note, that, the MAID-SG2 parametrization has a behavior close to the MAID-SG parametrization (data up to 2 GeV 2 ), as shown in Fig. 1 , but contrary to MAID-SG, it provides an accurate description for larger Q 2 . We can try to interpret the differences between the two global parametrizations: MAID-SG1 and MAID-SG2, recalling that MAID-SG2 gives the best fit. The large values obtained in the MAID-SG1 parametrization for G E and G C , near the pseudo-threshold, are mainly a consequence of the factor G D , included in the parametrizations (5.4)-(5.5). The function G D is enhanced below Q 2 = 0 due to the pole Q 2 = −0.71 GeV 2 , inducing the large values for G E and G C near Q 2 ≃ −0.09 GeV 2 . We however note that, the factor G D is not only responsible for large values of G E and G C , since the MAID-SG parametrization, restricted to the range Q 2 = 0-2 GeV 2 , leads also to smaller values for G E and G C , near the pseudo-threshold. When we increase the range of the fit, the factor G D becomes more relevant. In any case, as discussed previously, since there is no reason to relate the function G D to the γ * N → ∆(1232) quadrupole form factor data, a parametrization that avoids a reference to G D and transfers the Q 2 dependence for the coefficients of the polynomial factors is preferable. For all the above reasons, MAID-SG2 is preferable over MAID-SG1.
C. Comparison with the literature
We now compare the parametrizations for G E and G C with alternative descriptions presented in the literature.
The ratio R SM is calculated using pQCD in Ref. [46] . We do not compare our results directly with pQCD, since the result depends on a normalization at large Q 2 , and in the present work our main focus is the low and intermediate Q 2 region. Alternative descriptions of G E and G C comes from the large N c limit and from constituent quark models. Using the large N c limit it is possible to relate the quadrupole form factors G E and G C with the neutron electric form factor G En [47, 48] , by
In the large N c limit the form factors G E and G C appear as higher order corrections in 1/N c to the leading order form factor G M [47, 49] . The relations (5. .9) is guided by the observation that within a SU (6) spin-flavor symmetry model, the neutron would have a symmetric spatial distribution of charge, leading to G En (Q 2 ) = 0. In addition, the electric and Coulomb quadrupole moments would both vanish [G E (0) = G C (0) = 0]. Non-zero results for G En , G E (0) and G C (0) are then a consequence of the SU (6) symmetry breaking [32, [51] [52] [53] .
The relation (5.8) was derived for the first time in the context of a constituent quark model with two-body exchange currents [32, 52, 53] . Since the two-body currents are connected with diagrams involvingpairs, those contributions can be regarded as the contributions of the cloud of quark-antiquark pairs. This mechanism is usually refereed to as meson cloud effects. In the case of the nucleon and the first nucleon excitations, the dominant meson is the pion. Combining the low Q 2 expansion of the electric form factor, G En (Q 2 ) = −r 2 n Q 2 /6, where r 2 n is the neutron squared radius, one can show in the context of a constituent quark model with two-body exchange currents, that 51, 52] . It then becomes clear that, the mechanisms responsible for the symmetry breaking, which induce r 2 n = 0, are also the mechanisms responsible for the non-zero quadrupole moments [32, [51] [52] [53] . The relation (5.8) is still valid when the three-body exchange currents are included for both observables, as can be shown using the expansion in 1/N c [48, 54] .
Although the relations (5.8)-(5.9) may be derived from a constituent quark model with two-body exchange currents, for simplicity we will refer those relations as large N c (limit) parametrizations.
To represent the electric form factor of the neutron in Eqs. (5.8)-(5.9), one can consider the Galster parametrization [55] 
where µ n = −1.913 is the neutron magnetic moment,
2 and a, d are two parameters. The parameters a and d are related to the lowest radial moments of the neutron electric charge distribution. In particular a is determined by the second momentum r 2 n (neutron squared radius) through a = [51, 52] . The MAID2007 parametrization for G C is inspired by the Galster form (5.10) [15] .
For the numerical evaluation of form factors G E and G C we consider two parametrizations with a = 0.9. One then has r 2 n ≃ −0.114 fm 2 , close to experimental result r 2 n ≃ −0.116 fm 2 [26] . The best description of the neutron data is achieved with d = 2.8. A good description of the data can also be obtained with d = 1.75 [32] .
The results from the (5.8)-(5.9) parametrizations combined with Eq. (5.10) for G En are presented in Fig. 13 . In the figure, one can notice that both parametrizations give a good description of the R EM data, although the results of the parametrization with d = 1.75 are closer to the data. As for R SM , the parametrization with d = 1.75 is also the one closer to the data, particularly for large Q 2 . For R SM , however, both parametrizations, underestimate the low Q 2 data, in absolute value. We note that the ratio R SM is usually estimated using parametrizations for G M derived from SU (6) or large N c , as
Mn , where G Mn is the neutron magnetic form factor [32] 
where F 2p , F 2n are the Pauli form factor of the proton and neutron respectively [47] . In those estimates the magnitude of R SM increases by about 15%, improving the agreement with the data. This observation also holds for R EM 1 . Going back to the discussion of R SM , although there is some underestimation of the data at low Q 2 , and for the case d = 2.8 at large Q 2 , our results show that the parametrization (5.8) provides a good first estimate of the function G C . Since Eq. (5.8) can be interpreted as the pion cloud contribution for G C , we can conclude that the difference between the parametrization and the data can be the consequence of the valence quark contributions. In Ref. [31] it was shown, that a very good description of the G E and G C data can be obtained, when we add an extrapolation of the valence quark contributions from the lattice QCD data.
It is worth to mention that, the estimation of pion cloud contribution for G C presented here is based on the Galster parametrization of the G En data, which considers only two parameters. It is then possible that a more detailed fit to the G En data, as the ones proposed in Refs. [57, 58] , reveals also a more detailed structure of G C for finite Q 2 . Overall one can conclude that, the pion cloud contributions for the G E and G C form factors, given by 1 Assuming an error of 10% in a large Nc expansion of a form factor, for a term of the order O(1/N 2 c ), one can expect an error of 20% in a ratio between two form factors.
Eqs. (5.8)-(5.9) , takes into account the dominate contribution of those form factors [32, 47] . Thus, contrary to the case of the magnetic dipole form factor G M , the quadrupole form factors (electric and Coulomb) are not dominated by valence quark effects in the range Q 2 = 1-4 GeV 2 , but are instead dominated by pion cloud effects [32] . The magnitude of the valence quark contributions for the quadrupole form factors can be estimated as about 10-20% [20, 31, 53, 56] . Note that this magnitude is comparable with the difference between large N c estimates and the data.
The results for R EM , R SM at low Q 2 can be better understood if we look for the limit Q 2 = 0. In that case we can conclude in the large N c limit, that [47] . The correlation between the ratios however seems in conflict with the experimental data, since R EM (0) = −(2.5 ± 0.5)% and R SM (0.06 GeV 2 ) = −(4.54 ± 0.26)%. One can then conclude that, the large N c limit underestimates G C near Q 2 = 0. As mentioned, this can be a sign that the pure valence quark contributions may be more important for this form factor, as shown in particular in Ref. [31] .
The analysis of the functions G E and G C at low Q 2 can be simplified if we look for the squared radius, that measures the slope of those functions at Q 2 = 0. The squared radius associated with the quadrupole form factors G E and G C is defined by
where X = E, C. In the previous equation, the factor 14 replaces the factor 6 used in the leading order form factors (electric charge and magnetic dipole). This correction is the result of the expansion of the quadrupole operators in powers of Q 2 with the proper normalization [51, 59] . A direct consequence of Eq. (5.11) is that in the case of the large N c parametrizations we can write the Coulomb quadrupole squared radius as r In Table IV we can note that the Coulomb squared radius, r 2 C , is large in general, compared to the proton squared radius (r 2 p = 0.76 fm 2 ). The exception is the MAID-SG2 parametrization. The analysis of the values obtained for r 2 C is interesting due to the suggestion that a large r 2 C /r 2 p ratio is a manifestation of a large spatial extension of the charge distribution due to thepair distribution in the nucleon [51] . Recall that thecloud is the reason why G En , G E and G C are non vanishing functions of Q 2 . Large values for r 2 C reflect the increment of the size of the constituent quarks due to thepair/meson cloud dressing [51, 52, 56] . In particular the results r 2 C ≈ 2 fm 2 can be interpreted as r 2 C ≃ r 2 π , where r π = 1/m π is the pion Compton wavelength, that characterizes the pion cloud distribution inside the nucleon [51] .
The large values obtained for r 2 C may then reflect the connection between the neutron charge distribution and r 2 C . There is therefore a strong motivation to determine this radius experimentally [51, 52] .
The previous discussion about r 2 C can be generalized to r 2 E (electric quadrupole squared radius), except that the range of the pion cloud effect is shorter in this case.
As mentioned, concerning the large extension of the pion cloud for G C , the MAID-SG2 parametrization is the exception, since the value obtained for r 2 C is closer to the proton squared radius (r 2 p = 0.76 fm 2 ). This result suggests that the extension of the pion cloud effect is shorter in this parametrization for G C . As for G E , we still expect a long distribution of the pion cloud.
To summarize the discussion about the quadrupole form factors G E and G C , we obtain the best description of the data, with a model compatible with the Siegert's theorem, when we use the MAID-SG2 parametrization. The MAID-SG2 parametrization gives a very good description of the form factors G E and G C at small Q 2 , with smoother functions near the pseudo-threshold, similarly to MAID-SG parametrization, but provides at the same time a very good description of the large Q 2 data. The smoother behavior of the MAID-SG2 parametrization, is however characterized by a small value for r 2 C , which suggests that the effect of the pion cloud is shorter for G C . If the data is constrained by large values for r 2 C , then MAID-SG2 does not provide the the best description of the data and the MAID-SG1 parametrization is preferable.
VI. SUMMARY AND CONCLUSIONS
In the present article we study the properties of the helicity amplitudes in the γ * N → ∆(1232) and γ * N → N (1520) transitions, at the pseudo-threshold. One of the consequences of the pseudo-threshold limit is that the correlation between the electric amplitude E and the scalar amplitude S 1/2 , in the long-wavelength limit (|q| → 0), which is usually refereed to as the Siegert's theorem.
We conclude, that, the analytic properties of the electromagnetic transition form factors imply that
transition. In the case of the γ * N → ∆(1232) transition, there is a additional 1/|q| in both sides of the equation, relative to the form usually discussed in the liter-
|q| . The result discussed in the present article is the consequence of the correlation between electric and Coulomb quadrupole form factors
As for the γ * N → N (1520) transition, one has in addition, the correlation between the transverse amplitudes A 1/2 = A 3/2 / √ 3, at the pseudothreshold, which is equivalent to G M = 0.
We tested the previous relations between amplitudes for the two transitions, and derived parametrizations of the available data, valid for small and large Q 2 , compatible with the constraints at the pseudo-threshold (Siegert's theorem).
The analytic form of our parametrizations can be used in future analysis of the γ Our parametrizations are compared directly with the MAID2007 parametrizations. The features of the MAID2007 parametrizations are discussed and the failure for the γ * N → ∆(1232) and γ * N → N (1520) transitions, are explained in detail. In addition, we propose parametrizations similar to the usual MAID forms, that avoid the use of exponential factors. The new parametrizations are compatible with the low Q 2 data, the large Q 2 data, and also with the expected behavior of pQCD, for very large Q 2 . We conclude, that, the parametrizations based on rational functions of Q 2 are more appropriate for the description of the data in a wide region of Q 2 , as far as there are no singularities in the Q 2 < 0 region. This can be ensured, by making use of expansions of the exponential series with even powers of Q 2 in the denominator of the parametrizations for the helicity amplitudes or the transition form factors.
Our best parametrization for the γ * N → ∆(1232) amplitudes is consistent with smooth G E and G C form factors at low Q 2 , and near the pseudo-threshold, contrary to the MAID2007 parametrization. Our best parametrization provides a very good description of the low and large Q 2 data for the γ * N → ∆(1232) transition. The value obtained for Coulomb quadrupole square radius r 2 C is close to the proton squared radius, suggesting that the effect of the pion cloud for G C is shorter than in other parametrizations based on theeffects.
As for the γ * N → N (1520) transition, although there are some conflicts between different data analysis, it is possible to conclude that, different parametrizations of the different datasets, lead to the almost same extrapo-lation for the low Q 2 region, and similar behavior near the pseudo-threshold.
The comparison between the parametrizations based on the Siegert's theorem, and estimates from valence quark models, suggests that, near the pseudo-threshold, processes beyond the impulse approximation are essential for the interpretation of the empirical data.
The methods proposed in the present article can be extended to the study of the helicity amplitudes and transition form factors associated with other nucleon excitations, as shown already, in particular for the γ * N → N (1535) transition [13] .
In this appendix, we discuss the possible singularities associated with the truncation of the exponential series used in the definition of the form factors G E and G C , for the MAID-SG1 and MAID-SG2 parametrizations, presented in Sec. V B.
We recall that those functions are based on the expansion 
where the value of n depends of the particular function/model under discussion. We need to check if there are zeros in the function F (Q 2 ). To simplify the analysis, we look for the worst case scenario, the point Q 2 = Q 
where x = r 4 (M R − M ) 2 . Since the function P n (x) is in the denominator of the functions G E or G C , it is important to know if there are singularities in those functions, given by the zeros of the function P n (x).
To study the possible zeros of P n (x), we divide the discussion into two cases: the case n = 2, 4, 6, ... (n even), and the case n = 1, 3, 5, ... (n odd). 
Even powers n
When n = 2, 4, 6, ..., it is trivial to show that there are no solutions for P n (x) = 0. We start by checking if there is a minimum for the function P n (x) when x > 0. The values of possible minima are determined by the zeros of the derivative P ′ n (x). The zeros of the derivative P ′ n (x), x 0 , are represented in Table V , together with the value of the function P n at the same point. The derivative is calculated from P ′ n (x) = −P n−1 (x). From the table, we can conclude that the minimum of P n (x) is positive, therefore there are no singularities in the functions defined by 1/P n (x), when n is even.
Odd powers n
We now consider the case n = 3, 5, ..., when n is odd. It is easy to conclude that P n (x) = 0, for some values of x, since we start with P n (0) = 1, and the last coefficient of the sum (term in x n ) has a negative coefficient. Therefore for x large enough, P n (x) < 0, and there is an intermediate point where P n (x) vanishes. There is therefore at least one singularity in the function 1/P n (x). Since as discussed in the previous section we can write P n (x) = −P ′ n+1 (x), where n − 1 = 2, 4, ..., is even, we know that the possible singularities are given by the points of zero of P ′ n+1 (x), represented already in Table V . Note, however, that below the zero of P n (x), we are free of singularities for 1/P n (x). Therefore we can still use the function P n (x) with odd n, provided that r4 (MR−M) 2 is smaller than the value x 0 presented in Table V.
More specifically, in the case of the γ * N → ∆(1232) transition, there is no danger of using the function P 3 (x), provided that r 4 <
1.596
(MR−M) 2 or r 4 < 18.6 GeV −2 . Similarly, we can use an expansion with n = 5, provided that r 4 <
2.18
(MR−M) 2 ≃ 25.4 GeV −2 . Other limits can be defined for higher powers n.
Alternative expressions for GE
In the previous section, we concluded that, we can use the decomposition (A1) in the denominator of the functions G E and G C , under some conditions. The functions G C for the MAID-SG1 and MAID-SG2 parametrizations, given by Eqs. (5.5) and (5.7) can be used for any positive values of c 4 (that replaces r 4 ).
As for the parametrizations for G E defined by Eqs. (5.4) and (5.6), the values of b 4 have to be constrained respectively to the limits b 4 < 18.6 GeV −2 and b 4 < 25.4 GeV −2 , in order to avoid the singularities associated with the functions P 3 (x) and P 5 (x) respectively.
As discussed in the main text, the fits obtained in the present work are free from singularities, since b 4 is below the critical value. Nevertheless, in future, it may be more appropriate to define parametrizations for the function G E , that are valid for all positive values of b 4 .
We therefore propose alternative expressions for G E , that replace the form Eq. (5.4) for MAID-SG1 and Eq. (5.6) for MAID-SG2. For the parametrization MAID-SG1, we propose
As for the parametrization MAID-SG2, we propose 
Compared to the expressions of Eqs. (5.4) and (5.6), we included an extra coefficient b 5 , adding some complexity to the parametrization. Alternatively, we can drop the last two terms in the numerator (terms with b 3 and b 5 ) and the last two terms in the denominator, generating simpler parametrizations of the function G E , based on only 3 parameters (b 1 , b 2 and b 4 ). The last choice can also be a good option, since the chi-squared associated with the G E data is smaller (more accurate description) than the chi-squared associated with the G C data. In this case the quality of the global fit is not compromised. As in the MAID-SG1 and MAID-SG2 cases, the new parametrizations are consistent with the falloff G E ∝ 1/Q 4 , for large Q 2 .
